A general theoretical solution is obtained for the problem of a large thin isotropic plate bent or twisted by couples at infinity, and containing a hole of fairly general shape. Certain known results for circular and elliptical t*oundaries are included in this general solution as special cases. Numerical values of the stress couple round the edge of a square hole with rounded comers are given when the plate is bent by all-round couples, or twisted or bent cylindrically about the diagonals or sides of the square. Results are also given for a triangular hole with rounded corners in a plate subject to the action of similar distributions of stress -couple at infinity.
Introduction

1.
The problem of the stress distributions th at arise when a perforated isotropic plate is bent by transverse couples has already received some theoretical attention in certain special cases. Bickley (1924) has investigated the stress resultants in a moderately thick plate containing a circular hole when the plate is bent anticlastically or cylindrically. Goodier (1936) has given a theoretical solution of the problem in five fundamental cases when the plate is thin and contains a circular br elliptical hole. Both writers employed real variables to obtain their results. Various two-dimensional elastic problems have been solved with the help of complex vari ables by Muschelisvili (1933) and other writers, and more recently by Stevenson (1943) and Green (1942) . Complex variable methods have also been used by Green for some generalized plane stress problems in aeolotropic materials.
The present paper gives a solution of three fundamental problems connected with the transverse flexure of a large thin isotropic plate containing a hole of fairly general shape. The complex variable method which is employed throughout is similar to that used by Green (1943) for the stretching of such a plate, and its use greatly simplifies the analysis and gives Goodier's results as special cases with much less labour. The work also prepares the way for an extension of aeolotropic plates to which the subsequent paper is devoted.
In many respects there is a close similarity between the problem of a bent plate and the problem of a stretched plate, but there are some analytical differences. The equations for bending involve Poisson's ratio which does not appear in the problem of a stretched plate, and so the analysis is heavier in the case of bending.
The method consists of finding a conformal transformation of the type * = m (M ) which, for the special problems of this paper, it is convenient to write in the dif ferential form j F'(0 = ^ = JtP = a0e-* + where z( = x + iy) is the plane of the plate, and £ (= £ + is real on the edge of the hole. The constants a0 and bn are in general complex, and (f> is the angle between the tangent to the curve y -constant and the .r-axis.
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For a circular hole n = 0, a0 = -For an elliptical hole with the major axis parallel to the a;-axis \icea, bn = \ice~a, and the semi-axes are c cosh a and c sinh cc.
A more general type of curve with continuous curvature is obtained by writing a0 --inaeW, bni n b e W , provided th at b is less than a. The factor elP a the orientation of the curve.
When n = 2, a = 2 b the curve is a close approximation to an equ with rounded corners.
When n = 3, a = 36 the boundary is a square with rounded corners w diagonals parallel to the axes if /? = 0, and its sides parallel to the axes if /? = \n.
The main practical value of the solutions of the problems lies in the determination of the concentration of tangential stress couple on the periphery of the hole. The factor of stress concentration has been evaluated for square and triangular boun daries when the plate is subject to the action of bending or torsional couples about the axes of coordinates.
The general method of solution
2.
The middle surface of the plate is taken as the plane, and the plate is bent by the action of couples at its edges only. As the plate is infinite this means that the stress resultant perpendicular to the plate is everywhere zero, and the two faces of the plate are free from traction (Love 1927) .
The displacement of the middle surface, must satisfy the biharmonic equation
and a solution of this equation is obtained by writing
where z = x -i y and only the real part of the expressio tio n s /'(2) and g(z) must be regular outside the boundary, and when they occur in a compensating stress system they must tend to zero at infinity.
Stress couples and shearing forces are defined in the usual way and may be obtained from well-known equations (see Love). From equation (2-2) it is found th at the couples and shearing forces are given by the real parts of the equations
S. Holgate
where er is the ordinary Poisson's ratio, Di s a constan of the plate, and dashes denote differentiations with respect to 2.
The stress couples in any direction may be obtained by combining the above equations in the usual way, and it is easily verified th at
where a bar placed over a function denotes the complex conjugate of the function. In order to satisfy the physical conditions the boundary must be free from normal couple and shearing force, and allowance must be made also for the effect of the torsional couple Hr Love (1927) has pointed out that this distribution of couple is statically equivalent to a distribution of shearing force -dHJds in a direction perpendicular to the plane of the plate, s being measured along the boundary; and so the complete boundary conditions are
Goodier (1936) , however, has shown that the second condition may be expressed in the form
where ^ is a harmonic function such th at N= -dxjrjd equation (2-6) that, when the solution is of the form (2*2),
and so, from equations (2-9) and (2-12),
To satisfy these modified boundary conditions it is convenient to introduce two functions of the complex variable V(Q and TF(£) which are such that the real part of F(£) is equal to -GJD and the imaginary part of W(Q is equal to the variable part of + on the edge of the hole. From equations (2-8) and (2T3) it is seen that F(£) and IF(Q may also be expressed in the forms
as £ is real on the boundary. The discussion is confined to cases in which F'(^) has no zeros outside the boundary. F'(£), however, may have zeros at points in the plate and so F(£) and TF(£) will have poles at these zeros, but F(£)+ TF(£) can have no poles since
V(0+W(Q = 2(S + c r ) g ' ( z ) , (2-16)
After some reduction it is found that the stress couples and shearing forces at any point in the plate are given by the real parts of the following expressions, in which dashes denote differentiations with respect to £. On the boundary of the hole
Equations (2*17)-(2-21) represent a formal solution of any problem when is known and F(£) and IF(£) are also known. When the plate is subject to the action of certain couples at infinity, it is possible to choose F (£) and W(£) so as to cancel the transmitted stresses along the boundary, which then becomes free from all stress except the tangential couple
The sum of the two stress distributions thus satisfies all the physical conditions for the perforated plate.
All-round bending
3.
When the plate is bent by couples G at inf surface in the absence of the hole is given by
from which it is easily seen that
To cancel the stress couples on the boundary it is therefore required to super impose a system such th at Gv = -restrictions that have been imposed on F(£) and TF(£), it is seen that all the con ditions are satisfied by writing
The complete stress distribution in the perforated plate is now obtained directly from equations (2-17)~(2-21) together with (3*2).
Adding in the couple transm itted from infinity, the complete tangential stress couple on the edge of the hole is given by the real part of the expression O t2 (, A/, xane~*£j 7? = 3 + o T _<7 + (1 +<r)'F ( g ) r ( * * In all the bending problems th a t are discussed the additional displacement due to the hole is found to contain a logarithmic term which is infinite at infinity. Such a term, however, is quite admissible in spite of its behaviour at infinity because the additional deflexion is insignificant in comparison with the undisturbed deflexion. Goodier has justified the inclusion of a logarithmic term in the case of the circular hole, and its presence in the case of a more general type of boundary admits of a similar justification.
4.
The special form of equation (3-5) for a circular or elliptical boundary is obtained immediately by using equations (1*2) and (1*3).
For a circular hole Gg = 2 and for an elliptical hole
both of which agree with Goodier's results. When the transformation is of the type (1*5) the tangential stress couple takes the form
whatever the value of /?. When n = 2, a = 26, th at is for the triangular hole, this reduces to 2 DV(0
The complete stress distribution is now obtained from equations (2-17)-(2-21) together with equations (5-3)-(5*5), and all the conditions are satisfied if w ^ 2. When n^ 3, however, the terms in e2^ in F(£) and W{Q produce in/"(z) terms which do not tend to zero at infinity, and so some modification is necessary. The difficulty, which is similar to the one encountered by Green (1943) in the problem of a stretched plate, arises because the term of highest degree in f"(z) is of 0(zn~3) and so is in admissible if 2. The coefficient of this term vanishes identically when n -2, however, and the difficulty is overcome for all values of ^ 3 if the ratio of the coefficients of e2i$ in F(£) and TF(£) is (n(l + cr) + 1 -cr}/(2w -1 +<r). The extra terms which it is found necessary to add to F (£) and W(£) to achieve this are given by
Then the tangential couple on the boundary is the real part of
. Holgate for the ellipse.
When the boundary is of the type (1*5) the tangential stress couple for all values of n^ 2 is given by the formula
{n2a2 -(n -2) m2b2} {a2 + b2 -2ab cos (
n+ ^^{ (S
where G is the total couple about the a>axis, a n d .
For a triangular hole with one altitude parallel to the a;-axis, equation (6*3) leads to the expression 6rg _ 1 +cr I 3(1 +o') + 4(l -or) (2 cos 2£ -cos £) G 3 + o'! + 5 -4 cos 3£
for the couple on the boundary, while equations (6*6) and (6-7) give the corresponding results for two different orientations of the square hole. When the diagonals of the square are parallel to the axes, it is found th a t Qg 2(1 + 0-) l+o-(8(1 +o")(7 + 2(r) + 27(1 -or) (3 + (r)cos2£1 G ~ (3 + <r) + 2(3+(r)(7 + 2cr) \ 5 -3 c o s 4 | '
and when the sides of the square are parallel to the axes Gg _ 2(1 +<r) 2(l+o-) 12(1 + 0") (13 + 5o-) + 27(1-0") (3 + o') sin 2£ G ~ (3 + 0-) + (3+o')(13 + 5or)\ 5 -3 cos4£
The numerical values of these expressions are considered in § 8 after the corre sponding equations for cylindrical bending about the y-axis have been deduced.
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Cylindrical bending about the axis 7. When the plate is bent into the form of a cylinder whose generators are parallel to the y-axis, the displacement and couples in the absence of the hole are given by
and when n< 2, it is necessary to write
Extra terms will again be required when 3, and these are given by a0e2it a0e~2i^\ (a0e^ a0e~^( 7-5) where P, Q have the same values as before, and the total couple about the y-axis is now G(1 + 2 PQ)-Equations (2-17)-(2-21) in conjunction with (7-1) determine the modified stress distribution. On the edge of the hole, the stress couple is obtained from 8. The result for the ellipse is
which agrees with the expression obtained by Goodier.
( 1-1)
When the hole is of the type (1*5) and n 2the given by {n2a2 -(n -2) m 2b2} {a2 + b2 -2ab cos ( n + 1) ^} { 9. When the unperforated plate is acted upon by torsional couples H, the dis placement of the middle surface is w = HxyJD (\-(r) , and the stress-distribution is given by
In order to satisfy the boundary conditions for a number of transformations it is necessary to write
from which the complete stress distribution may be found as before. When n^ 3, the necessary extra terms to avoid the introduction of infinite stre couples at infinity are where P, Q have the same values as before and the total twisting couple is now
H(l + 2PQ).
On the boundary of the hole, the stress-couple is the real part of
when n -0 or 2, and the extra portion when ^ 3 is the real part of the expression 4?'( 1 f cr) P fa0e2i£ a0e~2iS\ (a0e*£ \ r s ; «" i + n o ~ r (9-9) corresponding to a couple H(1 + 2PQ). The expressions (9*4) and (9-5) are found to produce many-valued displacements when n -1, that is in the case of the ellipse, and so some modification is required for this particular boundary. I t is found necessary to write, as additional terms to (9*4) and (9*5),
where H{(3 + cr) e2ot + (1 -cr) e-2a} = 4, (9-12) and a has the value assigned in § 1. I t will be noticed th a t this involves adding an imaginary constant to W(Q and therefore a real constant to the value of Hv + \ ] r on the boun seen to be physically admissible as Hv + ijr on the boundary in general involves an indeterminate real constant.
The extra stress couple on the boundary is given by the real part of
The additional displacement for a twisted plate does not contain a logarithmic term whatever the shape of the perforation. both results agreeing with those given by Goodier.
When the boundary is of the type (1*5), and n^2 , the tangential stress couple is given by (w2a2(3 + cr)2 -(n -2) (1 -cr)2 62} (a2 + b 2ab cos + 1) £} Gg/H = -4(l+cr) wa2{ [(3 + cr) which reduces in the special case of the triangular hole to
For a square with its diagonals parallel to the axes, it is found that Gg 108(1 +cr) sin 2£ H = (13 + 5<r) (5 -3 cos 4£) ' (10-5) and when the sides of the square are parallel to the axes, the result is The numerical values of the stress concentration are given in tables 3 (a), and (c) and plotted in figures 6, 7 and 8. In conclusion, the author wishes to express his thanks to Dr A. E. Green for suggesting the problem and for his subsequent interest and advice. 
